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1. Introduction
The rapid development of biotechnology has led to an explosive growth in the number of
proteins that can be isolated. The functions of these proteins are determined by their 3D struc-
tures, which are mostly achieved through scattering techniques such as X-ray crystallography.
Therefore, making good crystals out of the protein molecules suitable for this purpose becomes
one of the most important tasks facing experimentalists. Highly ordered crystals without defects,
however, are not easy to grow. On one hand, the growth rate shouldn’t be too fast in order to
avoid aggregation, since this would sacrifice the quality of crystals; on the other hand, one wants
a reasonable nucleation rate for the stage prior to pure growth. The physical conditions of the ini-
tial solution, as determined by experiments, very sensitively aﬀect the process afterwards. These
conditions include temperature, pH, salt concentration, precipitant, and so on. It’s thus crucial to
understand the physical factors involved so that proper solutions can be prepared to obtain best
results.
Studies have shown that not just the strength, but also the range, of the interactions between
protein molecules is of crucial importance for crystal nucleation. It has been shown by George
and Wilson [1] that protein solutions with a small and negative value of second osmotic virial
coeﬃcient B2, tend to produce good crystals. B2 describes the lowest order correction to the
van’t Hoﬀ law for the osmotic pressure II:
Π
kBTρ
= 1 + B2ρ + O(ρ
2) (1)
The relation of B2 and interactions between molecules is as follows:
B2 = 2π
∫ ∞
0
r2(1 − e−βV(r))dr (2)
Here β = 1/kBT and V(r) is the interaction energy of a pair of molecules. George and Wilson
found, by measuring B2 for a number of proteins in diﬀerent solvents, that solutions with small
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negative values of B2 would largely accelerate the crystallization process, while large negative B2
favored aggregation of amorphous aggregates rather than crystallization; for large positive val-
ues of B2, no crystallization occurred at all. They showed that optimal crystallization occurred
within a narrow range of small negative values of B2, for about 20 globular proteins. Rosenbaum,
Zamora and Zukoski [2, 3] then conducted a study to link the work of George and Wilson and
earlier research on colloids. They found that the range of B2 favoring crystallization corresponds
to the short range attractive interaction in colloids. This type of interaction is characterized by
a metastable liquid-liquid coexistence curve, as opposed to a stable curve for long-ranged inter-
action, such as in a Lennard-Jones system. Also, this short range is often the case for solutions
of globular proteins. Frenkel and ten Wolde [4] demonstrated via computer simulation, that for
a system with short ranged potential, the nucleation rate can be enhanced enormously close to
the metastable critical point. It is mainly because, they argued, the pathway of the formation a
nucleus has been changed drastically. There is an intermediate step in which a liquidlike droplet
is formed and as it grows, a crystalline nucleus forms inside the droplet. Subsequent theoretical
work of Talanquer and Oxtoby [5] using density functional theory supports this picture.
In this work we will study the free energy of a system of aqueous lysozyme solution with
the electrolyte of NaCl. The potential we use is a recent calculation of the lysozyme potential
by Bostro¨m et al. [8], including a potential of mean force (PMF) to account for the eﬀect of the
ion-dispersion forces for a particular choice of salt, e.g., NaCl. This is, to our knowledge, the
first model taking into consideration these ion-specific eﬀects.
2. Simulation Techniques–Umbrella Sampling
The underlying idea behind the umbrella sampling method of Torrie and Valleau [6] is that of
sampling with a distribution ρW which is diﬀerent from the distribution ρ0 with respect to which
the expectations are evaluated. In our case, this means sampling a non-Boltzmann distribution
which favors configurations with large free energy. This bias must be introduced and then sub-
sequently is corrected for to obtain the unbiased distribution. Torrie and Valleau sample from a
general density function.
ρW (r
N) =
W(rN)exp[−βU(rN)]∫
drW(rN)exp[−βU(rN)] (3)
And the average noted earlier will then be rewritten as
〈A〉 =
∫
A(rN)exp[−βU(rN)]∫
drNexp[−βU(rN)] =
∫
A(rN))exp[−βU(rN)]W(rN)W−1(rN)∫
drNexp[−βU(rN)]W(rN)W−1(rN)
=
∫
A(rN)W(rN)W−1(rN)ρW (rN)∫
drNW(rN)W−1(rN)ρW (rN)
(4)
Here W(rN) is a positive-valued weighting function which is specified at the beginning of a
simulation run. Now we are sampling the system on the distribution ρW , with an acceptance
probability acc(o → n) = min(1, ρwn/ρwo). And the real average of A then can be related to
averages taken over MC runs
〈A〉0 = 〈A/W〉W〈1/W〉W (5)
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Figure 1: (a) Total potential with NaCl solution. (b) Phase diagram obtained from Monte Carlo simulations for the
aqueous lysozyme solution with NaCl electrolyte at 0.2M. The fluid-fluid separation curve is metastable.(see ref [9])
The subscript ”0” refers to an average over the original Boltzmann distribution and a subscript
W refers to that over the weighted distribution. The densities ρW and ρ0 are related by
ρ0 =
ρW/W
〈1/W〉W (6)
The weighting function can be chosen so that A/W and 1/W overlaps with ρW and then we can
have good statistics for 〈A〉0.
Now back to our original concern for the free energy barrier. Our goal is to find the proba-
bility distribution function P(Ψ). The ideal biasing function would be P(Ψ), i.e. exp(βF), since
this would give us a flat distribution function in Ψ. But it is this very quantity that we actually
need to calculate. Thus this ideal solution is impossible to implement. For this work, we choose
the biasing function to be quadraticW(Ψ) = 12kn(Ψ−Ψ0)2; the width and position of the window
are controlled by the parameters kn and Ψ. We will use the latter in our proposed projects later
on.
The choice of order parameter Ψ varies from case to case. In a gas-liquid problem, choosing
the number density is a good enough choice since density alone dominates the diﬀerence between
these two phases; for a crystal nucleation, however, the quantity characteristic of each phase is the
degree of the so called crystallinity. Therefore, the order parameter Ψ must have these qualities:
1) It must capture the diﬀerence between liquids and solids. 2) It shouldn’t favor any special
crystal structure, in other words, it must be sensitive only to the overall degree of crystallinity,
but insensitive to the diﬀerences between the various possible crystal structures. 3) It must be
easy to calculate.
Our order parameter is chosen to be the size of the biggest solid-like cluster present in the
system(see ref [7], for definition).
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Figure 2: Our obtained free-energy barrier for hard sphere system(βPσ3 = 16, bulk volume fraction Φ = 0.5277), as a
function of T/Tc: ΔG ≈ 25kBT (compare with ΔG = 27.3kBT in [7])
3. Model
The model we use in this work is a recent one done by Bostro¨m et al. [8], in which they
account for the ion specific eﬀect with a potential of mean force (PMF). This PMF includes
the eﬀect of the ion-dispersion forces for a particular choice of salt, e.g., NaCl, as well as a
screened Coulomb interaction between the lysozyme molecules. The total interaction between
two lysozyme molecules in the aqueous solution is the sum of a hard core interaction,WHS , the
potential of mean force obtained from a Monte Carlo simulation, WMC , and the protein-protein
van der Waals (Hamaker) dispersion interaction,WvdW , i.e.
Wtot = WHS +WMC +WvdW (7)
where
WvdW (r) = − H12(
σ2
r2 − σ2 +
σ2
r2
+ 2 ln(1 − σ
2
r2
)), r > σ + 2κ (8)
and
WvdW (r) = WvdW (σ + 2κ), σ < r ≤ σ + 2κ. (9)
The hard sphere potential is infinite for r < σ and zero otherwise. The potential WMC is set
to zero for r > 1.3σ. The lysozyme-lysozyme dispersion interaction assumes a hydration-layer
thickness of κ = 1.5Å and a Hamaker constant of H = 10kBT0 where T0 = 298K. In Fig.
1(a), we have plotted the total potential Wtot for our system. Note that the potential has two
discontinuities, a result of the total potential being a sum of diﬀerent contributions. The first
originates from the discontinuity intrinsic to WvdW at r = 1.0909σ and the second from cutting
oﬀ WMC at r = 1.3σ. They have negligible eﬀects on our MC simulation since the simulation
does not involve the evaluation of derivatives in potential.
The phase diagram for this model is shown is Fig. 1(b) [9].
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4. Conclusion
We tested our Umbrella Sampling code on a hard sphere system with published results. Fig-
ure 2 shows the free energy barrier obtained using our code, which agrees fairly well with the
result in [7].
For our system of interest, i.e. aqueous lysozyme solution with the electrolyte of NaCl, we
expect to see a minimum in free energy barrier around the critical temperature similar to what
was observed for the system in ref [4].
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